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Deformationsof the canonicalcommutationrelationswhich havethe effect of alteringthe
spectrumof a standardHamiltonian, bilinear in creationand annihilation operatorsarede-
scribed.The problemof going over from an eigenvaluesituation,asis the casein the vast
majority of papersin theliterature,to a theorywith time evolution is discussed,anda special
examplewith deformationparameteranNth root of unity is constructedwhich possessesa
consistenttime evolution.Thiswork is anaccountofsomerecentstudiesofassociativedefor-
mationsoftheHeisenbergalgebraof severalcreationandannihilationalgebras,with JeanNuyts
of the University ofMons, Hainaut, togetherwith someobservationsof my own concerning
thedifficulty of implementingtimeevolution in a quantumgroupcontext.It buildson earlier
work with CosmasZachos(ArgonneNational Laboratory,USA), which in turn is relatedto
workof Manin,andWess,Zumino andcollaborators.Themain ideais that, if quantumgroups
haveanyrole in physics,thentheymust manifestthemselvesat thelevel of thebasic rulesof
quantisation.
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1. Alternativeoscillatorquantisation

In ref. [1] theobjectof the exerciseisto takeastandardHamiltonian,

(l—d1)x(j)x(—j),

bilinearin thecreationoperatorsx(j)and destructionoperatorsx( —j),j= 1~
N, andconstructan alternativequantisationsuchthatthe spectrumis different
from the oneobtainedby canonicalquantisation.We considera setof rulesfor
theoperatorsx(j), 0<j~N, whichareconsideredascreation-likeoperators,with
destructionoperatorsx( —j) which annihilatethe vacuumstate.We extendthe
notion of normal ordering to require that a productX(ji )x(j2)”(j~), with
— N~<j,~N is written in decreasingorderof its indices. The rules we propose
implementassociativityof thisproduct,andguaranteethat all waysof re-order-
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350 D. Fairlie /Deformationsofthecanonicalcommutationrelations

ing a given product to put it in normal form areequivalent.The mostgeneral
parametrisationwe havefound within the requirementthat no additionaloper-
atorsotherthana singlecentraltermwhich commuteswith everythingareintro-
ducedis asfollows:

x(j)x(k)=rlkx(k)x(j) for k>j>0,

x( —j)x( —k)=cJ,kx( —k)x(—j) forj>k>0,

x(—j)x(k)=r~x(k)x(—j) for k>j>0,

x(—j)x(k)=c;,,1x(—k)x(—j) forj> k> 0,

x(—i)x(J)=~kx(k)x(—k)+dJ. (1.1)

The parametersjkaregivenby

d ___

~ (k~j),
Uk ~rkIcJ,k — ~ )

1 (1.2)

I I,j

The parametersrfk and Ck
1, definedfor k>j> 0, maybe regardedas the super-

diagonal and the subdiagonalentries in the sameNXN matrix. There are
(N—1 )(N—2)/2 relationsbetweenthem which prescribeall CkJ exceptc~~,

j<N, in termsof rJk. Theseareasfollows:

Ck,IrI,k=rI.I+lcI±IJ fork�j+l,j<N. (1.3)

This is a slight, but neverthelesscrucial extensionof the deformedalgebraof
Schirrmacher,WessandZumino [2]. Now considerthequadraticHamiltonian

H=~ (1—d1)x(j)x(—j).

With the usualquantisationscheme,the spectrumof thishamiltonianis simply
>~(1 —~)n1for occupationnumbersn,. In the casewhenthe quantisationisdone
with the associativerulesof eq. (1.1),we obtain

Hx(j)—d~x(j)H=(l—d1)x(j). (1.4)

This meansthat the stateH~x(j)’
1~hasspectrum1 —H~d5~instead.From the

point of view of refs. [3,41thisresult is somethingof an illusion, as thereexists
a highly nonlineartransformationof variableswhich representx(j), x( —I) in
termsof operatorssatisfyingthe usualcanonicalcommutationrelations.How-
ever,theHamiltonianwill alsobe highly nonlinearwhenexpressedin termsof
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the usualcreationanddestructionoperators,sothe issueof which isthe prefera-
ble form is an aestheticjudgement.

2. Inclusionof neutraloperators

Oneevidentdirection to proceed,when alternativeassociativedeformations
of the canonicalcommutationrelationsaresought,is the searchfor a set of rela-
tionswhich will interpolatebetweenbosons(for q= 1) andfermions (q= — 1).
Now sincethe fermionic relationsadmit a finite dimensionalrepresentation,a
requirementwill be the necessityfor the interpolatingalgebrasto possessfinite
dimensionalrepresentations,at leastfor specificvaluesof q. It will turn out that
thesecorrespondto Nth rootsof unity.

In all deformationsdiscussedin theliteratureof whichI amaware,theassump-
tion is madethat acreationoperatorbt(a) andan annihilationoperatorb(k)
whicharenot conjugatesof eachother (i.e.,when, saya~ k), alwaysquommute
with eachotherwith no inhomogeneousterm.JeanNuyts andI [5] analyseda
systemin which this is no longer true. It might be thoughtthatany suchterms
might betransformedawayby changeof basis;indeedthisis the caseclassically,
but is not so when deformationsareconsidered,andit is necessaryto introduce
suchtermsto obtainfinite dimensionalrepresentationsin the generalcase.Fora
set of operatorswhichfulfill amongthemselvesquommutationrelationsthecon-
sistencyrequirementsimposedby associativityon the triple productsof the op-
eratorsarethe braidingrelations

(A*B)*C=A*(B*C) . (2.1)

First considera setof rulesfor a setof Noperatorsbt(a), 1 ~a~ N, which are
consideredas creationoperatorswith an equalnumberof destructionoperators
b(j). Supposewe also introduce a set of N2 extraneutraloperators,y(j, a),
1 ~j ~ N, 1 ~ a ~ N, which areconsideredasneithercreationnorannihilationop-
erators,andwhich commuteamongstthemselves.The total set thus contains
2N+N2 operators,namelyb(j), bt(a) andy(j, a).

Now extendthenotionof normalorderingby requiring
(a) thataproductof creationoperatorsb~(a

1)bt(a2)~.bt(a~),with 1 ~ a•~<N,
is written in decreasingorderof its indices;

(b) thataproductof annihilationoperatorsb(j1 )b(j2).~b(j~),with 1 ~<j,~<N,
is written in increasingorderof its indices;

(c) thatdestructionoperatorsappearon theright of creationoperators;
(d) thatthe neutraloperatorsy(j, a) areatthe left of the annihilationopera-

torsandatthe rightof creationoperators;sincetheycommutetheir ownorderis
irrelevant.

Therulesweproposeimplementassociativityof theseproducts,andguarantee
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that all waysof re-orderinga givenproductto put it in normalform areequiva-
lent. We havefoundverygeneralparametrisationsunderthehypothesisof aqua-
dratic quommutatoralgebrawhich canbesummarizedas follows: allowedfully
consistentquantumalgebrasaregivenby the setof quommutators

bt(a)bt(b) =~(na/nh)bt(b)bt(a) , (2.2a)

b(j)b(k)=�(mk/mJ)b(k)b(j) , (2.2b)

b(j)bt(a) =Ømjnabt(a)b(j) +y(j, a) , (2.2c)

b(j)y(k,a)=~bmknay(k,a)b(j), (2.2d)

y(j,a)bt(b)=~bminabt(b)y(j,a) , (2.2e)

y(j,a)y(k,b)=y(k,b)y(j,a) , (2.2f)

�
2=l , (2.2g)

where0 ~ 0 canbe renormalizedto unity. This setof relationsadmitsa represen-
tationby infinite dimensionalmatrices,extendingthework of Maninandothers
[6,7].

Let theb’s beinfinite matriceswith nonzeroelementson thediagonaljustabove
the maindiagonalonly,

b(j)~,~±
1=B(j)~ forp= 1, 2 (2.3)

Imposing(2.2a),oneproveseasilythat

B(j)1,=fl1X~m~’ forp=l, 2 (2.4)

By renormalizingthe b’s, the factors/icanbenormalizedto one.
In an analogousfashionthe infinite matricesrepresentingthe bt’s havenon-

zeroelementsjustbelowthe maindiagonalandareof the form

bt(a)~+i~=Bt(a)~forp= 1,2,..., (2.5)

with, to satisfy(2.2b) andwith asuitablenormalization,

Bt(a)~=X~n~’, (2.6)

wherethe Xt’s arethe conjugatesof theX’s if oneimposesthatthe operatorsbt
betheadjointsof the b’s.

Fromthe expressions(2.3)—(2.6) they’s computedfrom (2.2c) arediagonal
with diagonalelements

y(j, a)1,1 =Zi , (2.7a)

~ forp=2, 3,..., (2.7b)

where,forconvenience,wehavewritten
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z~=x~x;. (2.8)

Sincetheyarediagonalthey’s formally commute.
Using (2.2d), (2.2e)(for ~= 1) andthelast equations(2.7a),(2.7b),the Z’s

areconstrainedto fulfill therelations

Z2=2Z~, (2.9a)

Z~+1=2Z~—Z~_1forp=2,3 (2.9b)

Thesolutionof theserecurrenceequationsisgivenin termsofthe free param-
eterZ, as

4,=pZ.. (2.10)

The X,~,aredeterminedby (2.8) up to arbitraryfactors.Thesearbitraryfactors
becomephasefactorsif the b’s arechosento betheadjointsof the b’s.

3. Alternativequantumalgebra

We now introduceextrarelationswhich, in somesense,imposeasymmetry
betweenthe indicesof the creationoperatorson onehandandbetweenthe in-
dicesof the annihilationoperatorson the other, asseenfromthepointofviewof
the y’s. Specifically

y(j, a)y(k, b) =vjakby(j, b)y(k,a) for somevjakb. (3.1)

Then fully consistentquantum algebrasare given by the following sets of
quommutators:

bt(a)bt(b)=~(na/nb)bt(b)bt(a), (3.2a)

b(j)b(k)=~(mk/mJ)b(k)b(j), (3.2b)

b(j)bt(a)=amjnabt(a)b(j)+y(j,a) , (3.2c)

b(j)y(k,a)=çbmkn~y(k,a)b(j), (3.2d)

y(j,a)bt(b)=Omjnabt(b)y(j,a) , (3.2e)

y(j,a)y(k,b)=y(k,b)y(j,a) , (3.2f)

y(j,a)y(k,b)=~y(j,b)y(k,a) , (3.2g)

y(j,a)b(k)=~y(k,a)b(j) , (3.2h)

bt(a)y(j,b)=tht(b)y(j,a) , (3.2i)
~

2l , (3.2j)
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whereØ~0or o~0canbe renormalizedto unity but not 0 andaatthe same
time. Theessentialparameter0/ais invariantunderrenormalisation.

Theproofswill be omittedhere.
It shouldbestressedthateqs. (3.2) imply that, if it is invertible,y(j, a), con-

sideredas aformalmatrix inj anda, is ofrankoneandhencecanbewritten in a
factorizedform in termsof 2N commutingoperatorsYi (j) andY2(a),

y(j,a)=yi(j)y2(a) , (3.3)

with c= 1 andwith thesymmetryproperties

y~(j)b(k)=y1(k)b(j), bt(a)y2(b)=bt(b)y2(a) . (3.4)

Thisalgebrapossessesbothsomefinite andinfinitedimensionalrepresentations.
Representationsof the quantumalgebra(3.2) can be obtainedwith infinite

dimensionalmatricesbut alsowith finite Mx M, M> 2, matrices.We herepre-
sentsolutionsfor threetypesofmatrices,namelythecases(a), (b)and(c) below:

(a) Infinite matricesb (b~)whichhavenonzeroelementson the diagonaljust
above(below) the maindiagonalonly,

b(j)~,~+1=X~m7’, bt(a)~±i,~=Xn~~, forp= 1,2 (3.5)

(b) Finite Mx M matricesb (bt) whichhavenonzeroelementson the diago-
naljustabove(below) themaindiagonalonly,i.e., (3.5)withp=l, 2, ...,M—l.

(c) Finite Mx M matricesb (bk) whichhavenonzeroelementson thediago-
naljustabove(below)themain diagonalonly, i.e. (3.5), togetherwith anonzero
elementin the lower left (upperright) corner,

b(j)M,i =XMm~
1, bt(a)i,M=X~n~I_L (3.6)

3.1. REPRESENTATIONSIN CASE (a)

Whenthe infinite matricesb andbt havetheir nonzeroelementsas in (3.5),
they’s of (2.2c)canbewritten, asexpected,in theform (3.2) with thediagonal
matrices~ (j) andy

2(a) (with someobviousarbitrarychoices),

forp=l, 2,..., (3.7)

y2(a)1,1=Z1 , (3.8a)

~ forp=2,3 (3.8b)

Thesesolutionssatisfythesymmetryrelations(3.4)automatically.

Theremainingequationsto besolvedare (2.2a),(2.2b),whichbecome
Z2=(a+Ø)Z1 , (3.9a)

Z~+i=(a+Ø)Z~—aØZ~....iforp=2,3,...,M—2. (3.9b)
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Equations(3.9a),(3.9b)allow thedeterminationofall theZ’s from Z1,

a”—0”
ZJ) Z1 forp=2,3,..., (3.10)

andthereis no restrictionapriori on 0 or a.

3.2. REPRESENTATIONSIN CASE (b)

Whenthe finite Mx M matricesb andbt havetheir nonzeroelementsas in
(3.5), they’s of (2.2c)canagainbewritten, as expected,in the form (3.3) with
the diagonalmatricesYi (j) andy2(a) as in (3.7) up to p=M— 1, exceptthat
now

( \ N—I

y2ka,M,M——na a M-i~

The remainingequations(3.8), which are valid up to p=M—2, haveto be
supplementedbyalastequation

0=(a+O)ZM_l—aOZM2. (3.12)

This last equation(3.12) is aconsistencyrequirement

au.—,~M
~‘ =0. (3.13)

a—0

Once,say,ais renormalizedto one,0 hasto be aMth rootof unity satisfying

OM_i+OM_2+...+0+10 (3.14)

Notethatthematricesb, bt arenilpotent.

3.3. REPRESENTATIONSIN CASE (c)

Whenthe b (bt) arerepresentedbyMxMmatriceswith nonzeroelementson
the diagonalabove(below) themain diagonalbut alsowith a nonzeroelement
(Al’, 1) [(1, Al)], oneobtainsfirst that

m~=m, n~=fl, (3.15)

with in andit independentof the indicesjanda, respectively.(Wemay assume
thatthedeterminantsofthe b (bt) arenonzero.)

As expected,they’s assumetheform (3.5),with, arbitrarychoicesbeingmade
asbefore,the diagonalmatrices~

(3.l6a)

andY2,
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y2(a)~,1=Z~—inflaZ,~, (3.l6b)

~ forp=2, 3 M. (3.l6c)

Onehasfinally to solvethe lastequations(2.2a),(2.2b),

Z-,—(a+Ø)Z1+initaOZM=O, (3.17a)

Z~±1—(a+Ø)Z~+aOZ~1=0forp=2,3 M—l, (3.l7b)

Zl—init(a+0)ZM+inita0Z~l=0. (3.l7c)

Theseequationsallow thedeterminationof all the Z’s providedoneconsistency
relationis satisfied,which reads

(a
Minit—l)(ØMinit—l)=0. (3.18)

The solution

(3.19)

whichimplies

Z~=a’~Z~forp=2,3,...,M, (3.20)

shouldberejectedsinceby (3.14)all the y’s areforcedto bezero. Thesolution

init=l/OM (3.21)

implies

Z,,=Ø”~Z
1 forp=2,3,...,M, (3.22)

andgeneratesa perfectlyvalid representation.For this representationthe non-

zeromatrixelementsof Y2 are
y2(a)p,p=(na0)”~(l—a/0)Z1 forp=l,2 M, (3.23)

wherewe recallthat, in general,0 canbeput to oneby renormalisation[seethe
discussionfollowing (2.5) 1.

4. The problem of time

Theproblemof theincorporationof timedependenceinto quantumgroupop-
erators,i.e. the introductionof atime dependenceinto the representations,is
more difficult thanhasbeengenerallyrealised.After all therehavealreadyap-
pearedpaperswhich purportto solve the moredifficult problemof settingup a
gaugingof a quantumgroup,i.e., of introducinga quovariantderivative.In my
view noneof thesepresentasatisfactorysolution to the problem. On a naive
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level,oneshouldexpectthattime evolutionshouldbe realised,as in Lie theory,
by asimilarity transformationofthe operators.Thisclearlyrespectsthe relations
in a bilinearalgebra.On the otherhand,the time evolutionin a standardquan-
tum mechanical system is prescribedalso by the commutatorswith the
Hamiltonian;theserelationsaredifficult to maintain.In fact,asfaras I amaware,
theexampleof the final sectionis theonly onewhichis fully consistent.It makes
useof representationsof the secondtypeof quantumalgebrawith neutralele-
mentsdescribedin section3.

5. How to quantise(d3/dt3)x=x

This sectionaddressthe questionas to how one might quantisedynamical
equationsof the form

(5.1)

ConsidertheHamiltonian

~= l~I ~ , PO~Pn

Theclassicalequationsof motionfor thecoordinatex
1 are

(5.2)

Theseimply that x~,‘c/j satisfy eq. (5.1). This systemmaybe quantisedin the
standardfashion,with canonicalcommutationrules

[x1,x~]=0, [p1,p~]=O, [x,,p1]=ihô,1, (5.3)

andwith thereplacementof (5.2) by

~~=[H, x1]=—x11. (5.4)

Thespectrum,atleastfor oddn is unbounded.

Quantisationwithquommutators.It is sufficientto considerthecasewheren= 3,

~$°=x1p2+x,p3+x3p1. (5.5)

It is easierto startwith therepresentation

f. e~~E. f. e~’ /~e~
e1)~ X2=~ : wet)~ X3=~ w2et

(5.6)
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pi=(e~t . .~ p~=(~wt :~, p3=(ewt ~, (5.7)
\. ~t .J \. -e~ J \. ~ •J

with w3= 1. Thesesatisfythequommutationrelations

xix
2 =wx2x1 , x1x3 =w

2x
3x1 , x2x3=0jx3x2

PIP2 WP2Pi , PIP3 =W
2P

3~1, P2P3—WP3P2

x~p~—w
2p~x~=I,x

2p2—w
2p

2x2=I, x3p3—w
2p

3x3=I,

x1p2—wp2x1=A , x2p3—wp3x2=A, x3p1—wp~x3=A

X1 ~ —p3x1=B , x2p1 —p1x2=B , x3p2—p2x3 =B

In theabove,besidesthe identityoperatorI, two otheroperators,A, B, haveoc-
curred.Theseoperatorscommute,AB—BA = 0, sincetheyarerealisedby diago-
nal matrices,as is theHamiltonian,

/1 . . /1 . . /3 .

w
2~ ~, B=( . . ,~....( . 3 . ). (5.8)
wJ \. . w21 \. . oJ

Also

x
11—1x1=0, x1A—wAx1=0, x~B—w

2Bx~=0,Vj. (5.9)

The Poissonbracketrelationsarereplacedby the quommutators

.~=~(.~°x~—w2x
1~)=—3wx3,

~3=~(.~°x3—w
2x

3.~°)=—3wx2. (5.10)

The factor 1/3 is introducedas an effectiveh. Now consider,underthe assump-
tion that t actsasan ordinaryvariable,

(d/dt)(x1x2 —wx2x~) =iy+xj)—w(j)x+y~)

=—w(x3x2+x~)—w(x~+x2x3). (5.11)

This expressiondoesnot vanishfor generalquommutators(5.6), (5.7). How-
ever,it doesvanishin thespecificrepresentationgiven.This istrue for all deriv-
ativesof thesequommutators;in thegivenrepresentationtheyholdconsistently.
Therepresentationgivenmaybegeneralisedto all integraln. It cannotbethought
of as a faithful representationof anabstractquommutatorschemeasclearlynot
all theoperatorsarelinearly independent.Therearethe relations
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x1 +wx2+w
2x

3=0,

p~+w
2p

2+wp3=0. (5.12)

Neverthelessit providesa consistentschemefor quantisationwith quommuta-
tors which possessa simpleevolutionin time. Notealsothat all quommutators
of any“position” operatorwith any “momentum”operatorcontainsacentral
term.Thetime dependenceof thesolutionis consistentwith ordinary differen-
tiation.
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